
General Relativity: Tutorial 4

Professor Peter Dunsby, Room 303 Mathematics

——————————————–

1. A particle of rest mass m1 moving with velocity u1 along the x - axis
collides elastically with a stationary particle of rest mass m2 and as a
result m1 and m2 are deflected through angles α and β respectively. If
E and E′ are the total energies of the particle m1 before and after the
collision respectively, show that
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2. In 2D Cartesian coordinates

f = 2xy

is a scalar and

V→ (y, xy) , W→ (1, 1)

are two vectors.

(a) Compute f as a function of polar coordinates (r, θ) and find the
components of V and W on the polar basis, expressing them as
functions of r and θ. [ Hint: Use the transformation matrix
Λαβ given in the lecture notes.]

(b) Find the components of d̃f in Cartesians and obtain them in po-
lars by (i) direct calculation in polars, and (ii) transforming from
Cartesian coordinates.

(c) Use the metric tensor in polar coordinates to find the polar compo-
nents of the one - forms Ṽ and W̃ associated with V and W. Obtain
these components by transformation of the components of Ṽ and W̃
in Cartesians.

3. For the vector field V of question (1) above, compute;

(a) V α,β in Cartesian coordinates;

(b) the transformation ΛµαΛβνV
α
,β to polars;

(c) the components V µ;ν using the Christoffel symbols given in the lec-
ture notes [ Why is this the same as (b)?];

(d) the divergence V α,α in Cartesian coordinates;
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(e) the divergence V µ;µ in polars using part (c);

4. Three dimensional Cartesian coordinates (x, y, z) are related to three di-
mensional cylindrical polar coordinates (r, θ, z) by

x = r cos θ

y = r sin θ

z = z .

Show that the line element in cylindrical polar coordinates is given by

ds2 = dr2 + r2dθ2 + dz2 .

Calculate Γrθθ, Γθrθ - these being the only non - zero components of Γαβγ ,
and hence show that the geodesic equations in cylindrical polars are
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5. Using the usual coordinate transformations from Cartesian to spherical
polars, calculate the metric on the surface of a sphere of unit radius. Find
the inverse metric.

6. Calculate the Riemann curvature tensor of the surface of a sphere of unit
radius using the result of the previous problem.
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